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BANACH SPACES FROM A CONSTRUCTION SCHEME
FULGENCIO LOPEZ
Abstract. We construct a Banach space Xε with an uncountable ε-biorthogonal sys-
tem but no uncountable τ -biorthogonal system for τ < ε(1 + ε)−1. In particular the
space have no uncountable biorthogonal system. We also construct a Banach space
XK with an uncountable K-basic sequence but no uncountable K ′-basic sequence, for
1 ≤ K ′ < K. A common feature of these examples is that they are both constructed
by recursive amalgamations using a single construction scheme.
1. Introduction
The class of nonseparable Banach spaces exhibit phenomena which are not present in
the more studied class of separable Banach spaces. Some of the most striking differences
were discovered recently by J. Lopez-Abad and S. Todorcevic [5] when they were devel-
oping forcing constructions of Banach spaces via finite-dimensional approximations. For
example, it is shown in [5] that for every ε > 0 rational, there is a forcing notion Pε which
forces a Banach space Yε with an uncountable ε-biorthogonal system and such that for
every 0 ≤ τ < ε
1+ε
, Yε has no uncountable τ -biorthogonal system. They also showed ([5,
Theorem 6.4]) that for every constant K > 1 there is a forcing notion PK which forces
a Banach space YK with an uncountable K-basis yet for every 1 ≤ K ′ < K, YK has no
uncountable K ′-basic sequences. Recall that none of these two phenomena can happen
in the class of separable Banach spaces when, of course, we replace ‘uncountable’ by
‘infinite’.
In [9], S. Todorcevic introduced a notion of construction scheme of uncountable math-
ematical objects via finite approximation and simultaneous multiple amagamations.
While the construction scheme F can be described relying only on ordinary axioms
of set theory, their crucial properties of ‘capturing’ (see the definition below) can only
be provided using Jensen’s combinatorial principle ♦: there are sets Aα ⊂ α for ev-
ery α < ω1 such that for every A subset of ω1 there are stationarily many α’s with
A ∩ α = Aα.
The purpose of this note is to apply this construction scheme to the theory of non-
separable Banach spaces inspired by the forcing constructions of [5]. In particular, we
prove the following two results
Theorem 1. Assume ♦. Then for every ε ∈ (0, 1) ∩ Q, there is a Banach space Xε
with an uncountable ε-biorthogonal system but no uncountable τ -biorthogonal system for
every 0 ≤ τ < ε
1+ε
.
Theorem 2. Assume ♦. Then for every constant K > 1, there is a Banach space XK
with a K-basis of length ω1 but no uncountable K
′-basic sequence for every 1 ≤ K ′ < K.
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2 FULGENCIO LOPEZ
In each case the construction is based on a single rule of multiple amalgamation of
a family of finite-dimensional Banach spaces indexed by F . This adds not only to the
clarity over the corresponding forcing constructions but it also gives us Banach spaces
that could be further easily analyzed. In fact neither the construction nor the analysis of
the corresponding examples require any expertise outside the Banach space geometry.
It is interesting to compare our examples with the corresponding examples in [5]. Given
an uncountable sequence of forcing conditions, take an uncountable ∆-subsequence where
all conditions are isomorphic and find a condition which amalgamates finitely many of
these forcing the desired inequality. Thus, the use of forcing allows us to amalgamate
a posteriori since the generic filter G takes care of all the possible ∆-systems whose
roots belong to G . However in our recursive construction the amalgamations must be
done a priori which limits the class of possible amalgamations. In fact since we do a
single amalgamation at any given level of F , our spaces tend to be considerably more
homogeneous and therefore much easier to analyze.
In Section 3 we give a proof of Theorem 1 and in Section 4 we prove Theorem 2.
2. Preliminaries
We use standard notation for set theory. For α ∈ ω1 we denote the αth ordinal and
the set {β : β < α}. If A,B ⊂ ω1 we say A < B if for all a ∈ A and b ∈ B, a < b.
We follow standard notation for Banach spaces (see, for example, [4] and [2]). In
particular c00(ω1) is the vector space of functions x : ω1 → R with finite support (we use
supp(x) for the support of x) If F is a finite subset of ω1 and h : F → R, we consider the
extension of h in c00(ω1) to be zero outside of F and still refer to it as h without risk of
confusion. By eα we denote the function on ω1 that takes α to 1 and every other β ∈ ω1
to zero. For approximation purposes we work most of the time on c00(ω1,Q), meaning
we consider functions in c00(ω1) that only take values in Q.
If h, x ∈ c00(ω1) we denote
〈h, x〉 =
∑
α<ω1
h(α)x(α)
which is well defined because x and h have finite support.
We recall some notions of Banach space theory relevant for the results.
Definition 3. Let X be a Banach space and (yα, y∗α)α<ω1 a sequence in X × X ∗. For
ε ≥ 0, we say that (yα, y∗α)α<ω1 forms an ε-biorthogonal system if y∗α(yα) = 1 for every
α < ω1, and |y∗α(yβ)| ≤ ε for every α 6= β. If ε = 0 we say (yα)α<ω1 forms a biorthogonal
system.
A Banach space X have the Mazur intersenction property (MIP) if every closed convex
subset of X is the intersection of closed balls.
The following relates the two previous concepts.
Theorem 4 ([3]). Let X be a Banach space.
(1) If (yα, y
∗
α)α<κ forms a biorthogonal system with 〈y∗α : α < κ〉 dense in X ∗ then X
admits an equivalent norm with the (MIP).
(2) If X is nonseparable and has an equivalent norm with the (MIP), then X has an
uncountable ε-biorthogonal system for some 0 ≤ ε < 1.
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In [7] it is shown using MAω1 plus PID that every uncountable Banach space has an
uncountable biorthogonal system. Recall that here MAω1 is the standard Baire category
principle for the class of compact spaces satisfying the countable chain condition and
PID is the P-ideal dichotomy stating that for any P-ideal I of countable subsets of some
index set S, either S can be partitioned into countably many subsets orthogonal to I
or there is an uncountable subset of S all of whose countable subsets belong to I. For
more about this sort of dichotomies the reader is referred to [8].
Definition 5. We say that a sequence (yα)α<ω1 in a Banach space X is an uncountable
K-basic sequence, for K ≥ 1, if for every λ < ω1 and every sequence of reals (aα)α<ω1
we have ∥∥∥∥∥∑
α<λ
aαyα
∥∥∥∥∥ ≤ K
∥∥∥∥∥∑
α<ω1
aαyα
∥∥∥∥∥
If a Banach space has an uncountableK-basic sequence for some K ≥ 1 it also contains
an uncountable biorthogonal system.
We introduce the main tool of this paper.
2.1. Capturing Construction Schemes. Capturing construction schemes where in-
troduced by Stevo Todorcˇevic´ in [9], where they were used to construct a compact space
with the same properties as the space of [1], a perfect non-metrizable compact convex
set and an Asplund space of the form C(K). In section 8 of [9] a general framework
to construct Banach spaces using construction schemes is introduced. This framework,
together with the forcing amalgamations of [5], constitute the technology behind the
proofs of Theorem 1 and Theorem 2.
Definition 6. Let (mk, nk, rk)k<ω be three sequences of natural numbers. We say that
(mk, nk, rk)k<ω form a type if m0 = 1, mk−1 > rk and nk > k for every k > 0, for every
r < ω there are infinitely many k’s with rk = r and for every k > 0 we have
mk = nk(mk−1 − rk) + rk
Definition 7. Let F ⊂ [ω1]<ω, a family of finite subsets of ω1. We say that F is a
construction scheme of type (mk, nk, rk)k if we can partition F =
⋃
k<ω Fk and for
every F ∈ F there is R(F ) initial segment of F with the following properties:
(1) For every A ⊂ ω1 finite, there is F ∈ F such that A ⊂ F .
(2) ∀F ∈ Fk, |F | = mk and |R(F )| = rk.
(3) For all F,E ∈ Fk, E ∩ F is an initial segment of F and E.
(4) ∀F ∈ Fk, there are unique F0, . . . , Fn−1 ∈ Fk−1 with
F =
⋃
i<n
Fi (2.1)
Furthermore n = nk and (Fi)i<nk forms an increasing ∆-system with root
R(F ), i.e.,
R(F ) < F0 \R(F ) < . . . < Fnk−1 \R(F )
we call this the canonical decomposition of F .
For F ∈ F we call the rank of F the natural k such that F ∈ Fk. We assume also
that F0 are all singletones in ω1. We use the elements F of F to “approximate” an
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uncountable structure in ω1 and use (2.1) in the recursive construction. For this we want
all approximations of the same rank k to be “isomorphic”.
Given a type (mk, nk, rk)k<ω there is a construction scheme F of this type (see proof
of Theorem 4.8 of [9]).
Throughout the rest of the paper we use k for the rank of F ∈ F and mk, nk and rk
as above and omit reference to the type of a construction scheme.
If (Dα : α < ω1) is a sequence of finite subsets of ω1, we say it is a ∆-system with root
R if for every α < β < ω1 we have R = Dα ∩Dβ and R < Dα \R < Dβ \R.
Let F ∈ F and F = ⋃i<nk Fi be the canonical decomposition of F . Then, all Fi’s have
the same size, and we denote ϕi : F0 → Fi the unique increasing bijection between F0
and Fi. If f is a map on F0, we define the map ϕi(f) on Fi as f ◦ ϕ−1i .
Definition 8. A construction scheme F is capturing if for every n < ω and every
uncountable ∆-System (Dα : α < ω1) with root R, we can find F ∈ F and α0 < . . . <
αn−1 such that
R ⊂ R(F )
Dαi ⊂ Fi for all i < n.
ϕi(D0) = Di for all i < n.
where (Fi)i<nk is the canonical decomposition of F . In particular n > nk.
The existence of capturing construction schemes follows from ♦ (Theorem 4.8 of [9])
By Theorem 1 and a result of [7] we obtain the following
Corollary 9 (MAω1 + PID). There are no capturing construction schemes.
It is shown in [6] that there is a Souslin tree if there is a 3-capturing construction
scheme.
Corollary 10 (MAω1). There are no 3-capturing construction schemes.
We give an overview of the proof of Theorem 1 and Theorem 2 (see also Section 8 of
[9]).
2.2. Overview of proof. The construction of the Banach spaces Xε and XK will follow
an abstract approach for producing nonseparable Banach structures.
We start with a capturing construction scheme F . First, we construct (recursively)
a family H = ⋃F∈F HF where HF are functions f : F → [0, 1] ∩ Q. For Xε we will
have HF = {hFα : α ∈ F}. To guarantee nonseparability we want to have the following
condition
hFα  α = 0 hFα (α) = 1 (2.2)
The role ofH is to be a norming set, for that we need the following coherence conditions
∀F,E ∈ F if E ⊂ F then hFα  E = hFα ∀α ∈ E (2.3)
∀F,E ∈ F if E ⊂ F then f  E ∈ conv(±HE) ∀f ∈ HF (2.4)
Let Hk =
⋃
i<k,F∈FiHF . Suppose Hk has been defined and F ∈ F has rank k. Let
F =
⋃
i<nk
Fi the the canonical decomposition of F. We will define HF by amalgamating
the elements of HFi(i < nk) in such a way that (2.2), (2.3) and (2.4) holds for Xε and
(2.4) for XK .
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This concludes the construction of H. Next, we will define ‖ · ‖ in c00(ω1)
‖x‖ = max{|〈f, x〉| : f ∈ H} (2.5)
Note that ‖ · ‖ is well defined by (2.3) and (2.4) and by (2.2) we have ‖x‖ = 0 if
and only if x = 0 (this for the construction of Xε, for XK the vectors eα ∈ H for every
α < ω1) so it defines a norm on c00(ω1). The respective Banach space X will be the
completion of (c00(ω1), ‖ · ‖).
To prove that X has indeed the properties that we want we will use the capturing
of F . Arguing by contradiction we take an uncountable sequence (yα)α<ω1 in X with a
certain property. We show (following [5]) that there is an inequality that uncountably
many yα’s satisfy.
Take (xα)α<ω1 in c00(ω1,Q) approximating the yα’s and apply the ∆-System lemma
and a counting argument (this is why we take Q instead of R) to obtain Γ ⊂ ω1 un-
countable such that
(1) (supp(xα) : α ∈ Γ) forms a ∆-System and
(2) the xα’s are “isomorphic” in some manner.
Finding F ∈ F capturing enough xα’s we can construct vectors that contradict the
inequality.
3. Proof of Theorem 1
Let F be a capturing construction scheme and 0 < ε < 1 rational. H1 is form by h{α}α
taking values in {α} and sending α 7→ 1.
Suppose Hk has been built satisfying (2.2), (2.3) and (2.4). Let F ∈ Fk and F =⋃
i<nk
Fi the canonical decomposition of F . Then, we let HF = {hFα : α ∈ F} where hFα
is define in the following way
(1) For α ∈ R, define hFα := hF00 +
∑
0<i<nk
ϕi(h
F0
α )  (Fi \ F0).
(2) For α ∈ F0 \R, define
hFα := h
F0
α + ε
∑
2≤i<nk
(−1)iϕi(hF0α )  (Fi \ F0).
(3) For δ ∈ F1 \R, and α ∈ F0 \R with ϕ1(α) = δ, define
hFδ := ϕ1(h
F0
α ) + ε
∑
2≤i<nk
(−1)i+1ϕi(hF0α )  (Fi \ F0).
(4) For α ∈ Fj \R with 2 ≤ j < nk, define hFα = hFjα .
It is clear that Hk+1 satisfies (2.2) and (2.3). Note that if E ∈ F is contained in F and
α ∈ F , there is f ∈ HE such that hFα (γ) equals either f(γ) or εf(γ) for every γ ∈ E.
This shows that (2.4) holds for Hk+1. The same observation shows
|hFα (eβ)| ≤ ε (3.1)
for all α 6= β in F .
This finishes the construction of H.
Define the norm ‖ · ‖ε as in (2.5) and let Xε be the completion of (c00(ω1), ‖ · ‖ε).
We check that Xε is as we wanted. Define hα to be the union of all (hFα : F ∈ F) which
is well defined by (2.3). By (3.1) the sequence (eα, hα)α<ω1 forms an un uncountable ε-
biorthogonal system.
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Suppose (yα, y
∗
α)α<ω1 is a τ -biorthogonal system for 0 ≤ τ < ε1+ε . We can assume that
the yα’s are normalized.
Lemma 11. There is Γ ⊂ ω1 uncountable and δ > 0 such that, for every n,m < ω with
m
2n
= ε and every α0 < . . . < α2n+1 we have,∥∥∥∥∥(yα0 − yα1)− 1m
n∑
i=1
(yα2i − yα2i+1)
∥∥∥∥∥
ε
≥ δ (3.2)
Proof. Let N < ω and Γ ⊂ ω1 uncountable such that
sup
α∈Γ
‖y∗α‖ ≤ N
Then ∥∥∥∥∥(yα0 − yα1)− 1m
n∑
i=1
(yα2i − yα2i+1)
∥∥∥∥∥
ε
≥
∣∣∣∣∣fα1N
(
(yα0 − yα1)−
1
m
n∑
i=1
(yα2i − yα2i+1)
)∣∣∣∣∣
≥ 1
N
(
1− τ − 1
m
(2nτ)
)
=
1
N
(
1− τ(1 + 2n
m
)
)
Taking δ = 1
N
(1− τ(1 + 2n
m
)) = 1
N
(1− τ 1+ε
ε
) > 0 we obtain the result. 
Theorem 1 follows if we show that
Lemma 12. For every normalized (yα)α∈Γ in Xε, there is m,n < ω with m2n = ε and
α0 < . . . < α2n+1 such that∥∥∥∥∥(yα0 − yα1)− 1m
n∑
i=1
(yα2i − yα2i+1)
∥∥∥∥∥
ε
< δ
Proof. Let m and n, big enough so that 1/m < δ/2 and m/2n = ε.
Let xα ∈ c00(ω1,Q) for α ∈ Γ normalized such that
‖yα − xα‖ε < δ
4(n+ 1)
for every α ∈ Γ.
Note that∥∥∥∥∥(yα0 − yα1)− 1m
n∑
i=1
(yα2i − yα2i+1)
∥∥∥∥∥
ε
≤
≤
∥∥∥∥∥(xα0 − xα1)− 1m
n∑
i=1
(xα2i − xα2i+1)
∥∥∥∥∥
ε
+
2n+1∑
i=0
‖yα − xα‖ε
≤
∥∥∥∥∥(xα0 − xα1)− 1m
n∑
i=1
(xα2i − xα2i+1)
∥∥∥∥∥
ε
+
δ
2
thus, it is enough to find α0 < α1 < . . . < α2n+1 in Γ such that∥∥∥∥∥(xα0 − xα1)− 1m
n∑
i=1
(xα2i − xα2i+1)
∥∥∥∥∥
ε
<
δ
2
(3.3)
Apply the ∆-System lemma and a counting argument to find Γ0 ⊂ Γ uncountable
such that
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(1) Let Dα = supp(xα), then the collection (Dα : α ∈ Γ0) form a ∆-System with
|Dα| = |Dβ| = d for every α, β ∈ Γ0.
(2) For α, β ∈ Γ0 and ϕα,β : Dα → Dβ an increasing bijection then xβ = ϕα,β(xα).
Since F is capturing there is F ∈ F and some α0 < . . . < α2n+1 in Γ0, such that F
captures (Dαi : i ≤ 2n+ 1). Let
w = (xα0 − xα1)−
1
m
n∑
i=1
(xα2i − xα2i+1)
Note that w  R(F ) is identically zero. We show that ‖w‖ < δ/2. Let f ∈ HF .
If f is of the form (1) it is clear that 〈f, w〉 = 0.
If f is of the form (2) then f = hFα for some α ∈ F and
〈f, w〉 = hF0α (xα0)−
ε
m
n∑
i=2
(hF0α (xα0) + h
F0
α (xα0)) = h
F0
α (xα0)
(
1− ε2n
m
)
= 0
because the amalgamation for f nullifies the term in α1 and changes the sign of the
other odd terms.
If f is of the form (3) then
〈f, w〉 = −hF1α (xα1) +
ε
m
n∑
i=2
(hF1α (xα1) + h
F1
α (xα1)) = h
F1
α (xα1)
(
ε
2n
m
− 1
)
= 0
because the amalgamation for f nullifies the term in α0 and changes the sign the other
even terms
Finally if f is of the form (4) then |〈f, w〉| = | 1
m
〈hFjα , ϕαj(z)〉| ≤ 1m < δ/2 as we wanted
to show. Thus, w witnesses (3.3) contradicting Lemma 11 and finishing the proof. 
4. Proof of Theorem 2
We construct H by recursion. For XK the collection HF will have the following closure
property :
∀f ∈ HF , δ ∈ F λ−1(f  δ) ∈ HF (4.1)
Let F be a capturing construction scheme and let K > 1. H1 is form of functions of
the form K−neα for every α < ω1 and n < ω.
Suppose Hk has been constructed satisfying (4.1) and (2.4). Let F ∈ Fk and F =⋃
i<nk
Fi be the canonical decomposition of F . Then, we let HF be the collection of
functions of the following type:
(1) eα, for α ∈ F .
(2)
∑
i<nk
ϕi(f)  (Fi \ F0) for every f ∈ HF0 .
(3) 1
Kn
(∑
i<nk
ϕi(f)  (Fi \ F0)
)
 δ for every f ∈ HF0 , every δ ∈ F and n = 1, 2 . . .
It is clear that (4.1) and (2.4) holds for Hk+1. This finishes the construction of H.
Define ‖ · ‖K as in (2.5) and let XK be the completion of (c00(ω1), ‖ · ‖K).
We see that XK is as we wanted. We first show that XK has an uncountable K-basic
sequence. Let (eα)α<ω1 be the canonical unit vector basis.
Lemma 13. The vectors (eα)α<ω1 form a normalized K-basis of XK. In particular XK
is not separable.
8 FULGENCIO LOPEZ
Proof. It is clear that the eα’s are normalized. To see they are a K-basic sequence let
n < m < ω, α1 < . . . < αm < ω1 and (ai)
m
i=1 ∈ Rm. Let F ∈ F such that αi ∈ F for
i = 1, . . . ,m. Take δ = αn+1 and f ∈ HF such that
∑n
i=1 aieαi attains the norm at f .
If f is of the form (1) then f  δ = Kg for some g ∈ HF and if f is of the form (2)
then f = g for some g ∈ HF . Thus,∥∥∥∥∥
n∑
i=1
aieαi
∥∥∥∥∥
K
=
∣∣∣∣∣
〈
f,
n∑
i=1
aieαi
〉∣∣∣∣∣ =
∣∣∣∣∣
〈
f  δ,
m∑
i=1
aieαi
〉∣∣∣∣∣
≤ K
∣∣∣∣∣
〈
g,
n∑
i=1
aieαi
〉∣∣∣∣∣ ≤ K
∥∥∥∥∥
m∑
i=1
aieαi
∥∥∥∥∥
K
as we wanted to show. 
We proceed by contradiction. Suppose now that (yα)α<ω1 is a K
′-basic sequence with
1 ≤ K ′ < K. Fix K ′ < L < K and let n < ω such that
1
K
+
1
n
<
1
L
(4.2)
Take a normalized sequence (xα)α<ω1 in c00(ω1,Q) such that
‖xα − yα‖K < min
{ 1
4K ′n
,
L−K ′
8(K ′)2n
}
for every α < ω1.
The following lemma plays the same role of Lemma 11 in Theorem 1
Lemma 14. For every α1 < . . . < α2n < ω1∥∥∥∥∥
n∑
i=1
xαi
∥∥∥∥∥
K
≤ L
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
Proof. Note first that ‖∑ni=1 xαi −∑2ni=n+1 xαi‖K ≥ 1/2K ′. Indeed, suppose otherwise
then
1 = ‖yα1‖K ≤ K ′
∥∥∥∥∥
n∑
i=1
yαi −
2n∑
i=n+1
yαi
∥∥∥∥∥
K
≤ K ′
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
+K ′
2n∑
i=1
‖yαi − xαi‖K
< K ′
(
1
2K ′
+
2n
4K ′n
)
= 1
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Now∥∥∥∥∥
n∑
i=1
xαi
∥∥∥∥∥
K
≤
∥∥∥∥∥
n∑
i=1
yαi
∥∥∥∥∥
K
+
n∑
i=1
‖xαi − yαi‖K
≤ K ′
∥∥∥∥∥
n∑
i=1
yαi −
2n∑
i=n+1
yαi
∥∥∥∥∥
K
+
n∑
i=1
‖xαi − yαi‖K
≤ K ′
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
+ 2K ′
2n∑
i=1
‖xαi − yαi‖K
≤ K ′
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
+ 4K ′n
L−K ′
8(K ′)2n
≤ K ′
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
+ (L−K ′)
∥∥∥∥∥
n∑
i=1
xαi −
2n∑
i=n+1
xαi
∥∥∥∥∥
K
which is what we wanted to prove. 
We want to use the capturing of F to contradict the lemma above.
We proceed as before and find Γ ⊂ ω1 uncountable such that
(1) If Dα = supp(xα), then the collection (Dα : α ∈ Γ) form a ∆-System with
|Dα| = |Dβ| = d for every α, β ∈ Γ.
(2) There is a function z : d → Q such that, if ϕα : d → Dα is the unique order
increasing bijection, then xα = ϕα(z)
Since F is capturing, there is F ∈ F and α1 < . . . < α2n < ω1 in Γ such that F
captures (Dαi : i = 1, . . . , 2n).
Let
v =
n∑
i=1
xαi and w =
n∑
i=1
xαi −
2n∑
i=n+1
xαi
We show that ‖v‖K > L‖w‖K . Let F =
⋃
i<nk
Fi be the canonical decomposition
of F . Since the xαi ’s are normalized there is h ∈ HF0 such that |〈h, xα1〉| = 1. Taking
f =
∑
i<nk
ϕi(h) we get |〈f, v〉| = n. Thus ‖v‖K ≥ n.
Take now f ∈ HF .
If f is of the form (1) then, |〈f, w〉| = 0
If f is of the form (2) then, f = (1/K)
∑
i<nk
ϕi(h)  δ for some δ ∈ F and h ∈ HF0 .
If δ ∈ R(F ) then |〈f, w〉| = 0. Suppose δ ∈ Fj \R(F ) and η ∈ F0 is such that ϕj(η) = δ
Suppose j < n then
|〈f, w〉| ≤
∣∣∣∣∣ 1K 〈∑
i<j
ϕi(h), w〉
∣∣∣∣∣+ 1K |〈h  η, xα1〉|
≤ n− 1
K
+ ‖xα0‖K =
n− 1
K
+ 1 <
n
L
≤ 1
L
‖v‖K
by (4.2).
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Suppose now j ≥ n. Then
|〈f, w〉| ≤ 1
K
∣∣∣∣∣∣
∑
i<n−1
〈ϕi(h), xαi〉+ 〈ϕn−1(h), xαn−1〉 −
∑
n≥i<j
〈ϕi(h), xαi〉 − 〈ϕj(h)  δ, xαj 〉
∣∣∣∣∣∣
≤ 1
K
|(n− 1) + 〈h, xα0〉 − (j − n)− 〈h  η, xα0〉
≤ n− 1
K
+
‖xα0‖K + ‖xα0  η‖K
K
≤ n
K
+ 1 <
n
L
≤ 1
L
‖v‖K
If f is of the form (3) then |〈f, w〉| ≤ 1 ≤ n
K
+ 1 < n
L
≤ 1
L
‖v‖K .
We conclude that ‖w‖K < 1L‖v‖K but this contradicts Lemma 14 and thus XK is as
we wanted.
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